Let K be an imaginary quadratic field different from Q( √ −1) and Q( √ −3). For a positive integer N , let K n be the ray class field of K modulo n = N O K . By using the congruence subgroup ±Γ 1 (N ), we construct an extended form class group whose operation is basically the Dirichlet composition, and explicitly show that this group is isomorphic to the Galois group Gal(K n /K). We also present algorithms to find all form classes and show how to multiply two form classes. As an application, we describe Gal(K ab n /K) in terms of these extended form class groups for which K ab n is the maximal abelian extension of K unramified outside prime ideals dividing n.
Introduction
Let K be an imaginary quadratic field of discriminant d K with ring of integers O K . Let Q(d K ) be the set of primitive positive definite binary quadratic forms Q(x, y) = ax 2 + bxy + cy 2 (∈ Z Let I K be the group of fractional ideals of K and P K be its subgroup of principal fractional ideals. It is a classical fact that the form class group C(d K ) is isomorphic to the ideal class group Cl(O K ) = I K /P K as follows: For each Q ∈ Q(d K ), let ω Q be the zero of Q(x, 1) in the complex upper half-plane H.
In this paper, we shall first construct a newly extended form class group C N (d K ) isomorphic to the ray class group Cl(n), through the equivalence relation induced from ±Γ 1 (N ) (Theorem 2.9). It turns out that the binary operation on C N (d K ) is essentially the Dirichlet composition on C(d K ) (Remark 2.10 (iv)).
In view of Theorem 1.3 and Proposition 1.4 we shall further establish an isomorphism
where min(τ K , Q) = x 2 + b K x + c K ∈ Z[x] (Theorem 3.8). This indicates that a form class [ax 2 + bxy + cy 2 ] in C N (d K ) has perfect information on an element of Gal(K n /K). Of course, we shall present an algorithm in order to list all representatives of form classes in C N (d K ) (Proposition 4.4) and give some examples. Let K ab n be the maximal abelian extension of K unramified outside prime ideals dividing n. As an application, we shall construct a dense subset of Gal(K ab n /K), equipped with Krull topology, in terms of extended form class groups (Theorem 5.4).
Extended form class groups as ray class groups
Throughout this paper, let K be an imaginary quadratic field of discriminant d K other than Q( √ −1) and Q( √ −3). For a positive integer N , let Q N (d K ) be the set of primitive positive definite binary quadratic forms Q(x, y) = ax 2 + bxy + cy 2 of discriminant d K such that gcd(N, a) = 1, that is,
By ±Γ 1 (N ) we mean the congruence subgroup of SL 2 (Z) given by
Proposition 2.1. The group ±Γ 1 (N ) acts on the set Q N (d K ) on the right by
Proof. Since SL 2 (Z) acts on Q(d K ), it suffices to show that ±Γ 1 (N ) preserves the set Q N (d K ). Let Q(x, y) = ax 2 + bxy + cy 2 ∈ Q N (d K ) and σ ∈ ±Γ 1 (N ). We then see that
This claims that Q σ x y belongs to Q N (d K ), as desired.
Denote by C N (d K ) the set of equivalence classes, namely,
Now, we are in need of the following basic lemma for later use.
(iii) We have
where N K/Q (·) is applied to fractional ideals of K.
(ii)
On the other hand, since
Proposition 13 in Chapter III]), we achieve
From now on, we let n = N O K and
be the ray class group of K modulo n, where I K (n) is the subgroup of I K consisting of fractional ideals of K prime to n and P K, 1 (n) is its subgroup consisting of principal fractional ideals λO K with λ ∈ K * such that λ ≡ * 1 (mod n) ([4, pp. 136-137]).
Definition 2.4. Define a map
Here, [Q] stands for the form class containing Q ∈ Q N (d K ).
Remark 2.5. By Remark 1.2, we see that φ 1 = φ, the classical isomorphism described in Theorem 1.1.
Proposition 2.6. The map φ N is well defined.
Proof. First, we shall show that if Q(x, y) = ax 2 +bxy +cy 2 
by Lemma 2.3 (iii). This, together with the fact gcd(N, a) = 1, implies that [ω Q , 1] is prime to
We then derive by Lemma 2.3 (i) and (ii) that
Since σ ≡ ± 1 * 0 1 (mod N ) and gcd(N, a ′ ) = 1, we attain
This yields that [ω Q , 1] and [ω Q ′ , 1] belong to the same ray class in Cl(n).
Proposition 2.7. The map φ N is injective.
Proof. Suppose that
and so
Then, we get by Theorem 1.1 that
And, it follows from Lemma 2.3 (i), (ii) and (1) that
and hence
Now that λ ≡ * 1 (mod n), we deduce
If we let
Thus, it follows from the fact gcd(N, a ′ ) = 1 and (2) that
Moreover, since det(σ) = 1, we obtain
Therefore, Q and Q ′ belong to the same class in
. This proves the proposition.
Proposition 2.8. The map φ N is surjective.
Proof. Let C ∈ Cl(n). Take an integral ideal a in C −1 , and let ξ 1 , ξ 2 ∈ K * such that
Since 1 ∈ a −1 , one can write
We then claim gcd(N, u, v) = 1. Otherwise, d = gcd(N, u, v) > 1, and so da −1 = [dξ 1 , dξ 2 ] contains 1 by (3), which implies dO K ⊇ a. But, this contradicts the fact that a is prime to n.
Thus we may take a matrix
by the surjectivity of SL 2 (Z) → SL 2 (Z/N Z) ([10, Lemma 1.38]). If we set ω = σ(ξ), then we derive that
Here, we note that
from which we see that
Therefore, [ω, 1] and a −1 belong to the same ray class C. Thus, if we let Q be the element of
Theorem 2.9. The set C N (d K ) can be regarded as an abelian group isomorphic to the ray class group Cl(n).
Proof. Define a binary operation
is the product of ray classes in Cl(n). This binary operation makes C N (d K ) an abelian group isomorphic to Cl(n). We shall describe the group operation on C N (d K ) explicitly in the following Remark 2.10 (iv). 
The vertical maps are natural projections.
(ii) Let τ K be the element of H induced by the principal form     
, where ϕ is the Euler function. Then, c is an integral ideal of K which belongs to the same ray class as
and hence we obtain 1 = 1
Take an element σ in SL 2 (Z) such that
, then we achieve by the proof of Proposition 2.8 that Q ′ and c −1 give the same ray class. Therefore, 
where B is an integer for which
and (7.13)]). (This ideal multiplication gives us the Dirichlet composition
On the other hand, we know by Definition 2.4 that
is the ray class containing the fractional ideal
Thus, we get that
, 1 by (6).
By the fact cc = N K/Q (c)O K and Lemma 2.3 (iii) we see that
is an integral ideal in the ray class (
. Now, by using the argument in the proof of Proposition 2.8 one can have
is the ray class containing a −1 = c. Therefore, we achieve
Extended form class groups as Galois groups
Let K n be the ray class field of K modulo n (= N O K ), that is, K n is the unique abelian extension of K whose Galois group Gal(K n /K) corresponds to Cl(n) via the Artin reciprocity map for n.
In this section, we shall establish an isomorphism of C N (d K ) onto Gal(K n /K) in a concrete way. Let F N be the field of meromorphic modular functions of level N with Fourier coefficients in Q(ζ N ), where ζ N = e 2πi/N . It is well known that F N is a Galois extension of F 1 with
where α is any matrix in SL 2 (Z) that reduces to α via
Definition 3.1. We call a Family
This shows that {h α (τ )} α is a family of Galois conjugates of
For a class C ∈ Cl(n) take an integral ideal a in C −1 , and let ξ 1 , ξ 2 ∈ K * such that
Let τ K be the element of H stated in Remark 2.10 (ii). Since O K ⊆ a −1 and ξ ∈ H, one can write
It then follows that
Taking determinant and squaring, we obtain
. Thus, we deduce det(A) = N K/Q (a) which is prime to N .
Definition 3.3. Let {h α (τ )} α be a Fricke family of level N , and let C ∈ Cl(n). Following the above notations, we define h n (C) = h A (ξ).
Here, we regard A as an element of GL 2 (Z/N Z)/{±I 2 }.
Proposition 3.4. The value h n (C) depends only on the ray class C, not on the choices of a and ξ 1 , ξ 2 .
Proof. First, let a ′ be another integral ideal in C −1 . Then we have
We see from the fact a,
Moreover, since λ ≡ * 1 (mod n) and a is prime to n, we attain
Thus we obtain by the fact
, we may write
One can then derive by (7), (8) and (9) that
which yields
We then express
and so by (7) we deduce
Hence we achieve ξ ′ = B(ξ) and A ′ = AB −1 .
Therefore we get that
which proves the proposition. 
(ii) The invariant h n (C) is an analogue of the Siegel-Ramachandra invariant given in [5, p. 235] and [9] .
where ′ denotes the restricted product, that is, for almost all p the p-component of an element of GL 2 (A f ) lies in GL 2 (Z p ). One may express GL 2 (A f ) as
Then, we have a surjective homomorphism
with Ker(σ f ) = Q * ([6, Theorems 4 and 6 in Chapter 7] or [10, Theorem 6.23]). More precisely, let h(τ ) ∈ F N and γ = αβ ∈ GL 2 (A f ) with α = (α p ) p ∈ U and β ∈ GL + 2 (Q). By using the Chinese remainder theorem, one can find a unique matrix α in GL 2 (Z/N Z) satisfying α ≡ α p (mod N ) for all primes p such that p | N . We then obtain
([6, Theorem 2 in Chapter 7 and p. 79]). For ω ∈ K ∩ H, we have an embedding
By continuity one can extend q ω to an embedding
for each prime p, and hence to an embedding of idele groups
. Let K ab be the maximal abelian extension of K.
Proposition 3.6 (Shimura's reciprocity law). Let s be a idele of K and (s −1 , K) be the Artin symbol for s −1 on K ab . Let ω ∈ K ∩ H and h(τ ) ∈ F which is finite at ω. Then, h(ω) lies in K ab and satisfies h(ω)
Proof. See [6, Theorem 1 in Chapter 11] or [10, Theorem 6.31 (i)].
Theorem 3.7. Let {h α (τ )} α be a Fricke family of level N , and let C ∈ Cl(n). If h n (C) is finite, then it belongs to K n and satisfies
where σ n : Cl(n) → Gal(K n /K) is the Artin reciprocity map for n.
Proof. Let a and a ′ be integral ideals in C −1 and C ′−1 , respectively. Take
Since O K ⊆ a −1 ⊆ (aa ′ ) −1 , we may write
and
Let s be an idele of K such that for every prime p
Now that a ′ is prime to n, we get
Observe that for every prime p q ξ, p (s
Thus,
are bases for the Z p -module (aa ′ ) −1 p by (12) and (14). So, there exists u p ∈ GL 2 (Z p ) such that
then we obtain
Now, we derive that
where u is regarded as an element of GL 2 (Z/N Z)/{±I 2 } = h AB (B −1 (τ ))| τ =ξ because for every prime divisor p of N we have s p = 1 by (13), and so u p B −1 = I 2 by (15)
by (11) and (12).
In particular, if C ′ = C −1 , then we see that
This implies that h n (C) belongs to K n because h I 2 (τ K ) lies in K n by Proposition 1.4. Since ord p s p = ord p a ′ for all primes p such that p ∤ N and prime ideals lying above p by (13), we achieve (s, K)| Kn = σ n (C ′−1 ).
Therefore, we conclude
, and so
Theorem 3.8. We have an isomorphism of groups
) is the ray class containing the fractional ideal c = [ω Q , 1]. Since
by Lemma 2.3 (iii), a = a ϕ(N ) c −1 is an integral ideal in C −1 . It then follows that
Since a ϕ(N ) ≡ 1 (mod N ), we have
Now, by composing two isomorphisms
given in Theorem 2.9 and
obtained by Theorem 3.7, we establish the theorem.
Explicit construction of extended form class groups
In this section, we shall explain how to find representatives of forms classes in C N (d K ).
Lemma 4.1. Let Q(x, y) = ax 2 + bxy + cy 2 ∈ Q N (d K ) and u, v ∈ Z. Then, the fractional ideal (uω Q + v)O K is prime to n if and only if Q(v, −u) is prime to N .
Proof. We deduce from the facts gcd(N, a) = 1 and n = N O K that
Hence, we obtain that
This proves the lemma.
Let P K (n) be the subgroup of I K (n) consisting of principal fractional ideals prime to n.
Set u = ta. Then, the lemma follows from Lemma 4.1. 
Define an equivalence relation
Proof. Note first that
One can readily find reduced forms
. Take σ 1 , σ 2 , . . . , σ n ∈ SL 2 (Z) for which
. . , n}, we attain by Lemmas 4.1, 4.2 and 4.3 that
(18) Now, let C ∈ Cl(n). By (17) and (18), there is one and only one pair i ∈ {1, 2, . . . , n} and
we get by Lemma 2.3 (i) that
), then we attain
This completes the proof.
Example 4.5. Let K = Q( √ −2) and N = 3. There is only one reduced form And, we obtain 
Thus, we achieve
Note that
We then see by using the argument in Remark 2.10 (iii) that
Therefore, we conclude −5) and N = 6. Let Q 1 and Q 2 be reduced forms of discriminant d K = −20 stated in Example 4.6. In this case, we let
There are eight representatives of form classes in C 6 (−20) with zeros
by Proposition 4.4. Hence we attain We close this section by mentioning that the equivalence relation on Q N (d K ) induced from the congruence subgroup
gives us a new form class group as a quotient group of C N (d K ). 
via the Artin reciprocity map for n. Define an equivalence relation
and define a map
Then, in a similar way as we did in Propositions 2.6, 2.7 and 2.8 one can readily show that φ O is well defined and bijective. Therefore, we may consider the set
5 The maximal abelian extension unramified outside prime ideals dividing n Let K ab n be the maximal abelian extension of K unramified outside prime ideals dividing n (= N O K ). If N = 1, then K ab n is nothing but the Hilbert class field H K of K. So, we assume N ≥ 2. As an application, we shall describe Gal(K ab n /K) in view of extended form class groups. Here we shall regard Gal(K ab n /K) as a topological group equipped with Krull topology: For each ρ ∈ Gal(K ab n /K), we take the cosets
as a basis of open neighborhoods of ρ, where F runs through all finite (abelian) subextensions
. If L is a finite abelian extension of K unramified outside prime ideals dividing n, then its conductor also divides n ℓ for some ℓ ≥ 1. Thus L is contained in the ray class field K n ℓ ([10, p. 116]), and hence we get
Furthermore, now that
we attain the isomorphisms
of topological groups by Theorem 3.8 ([11, §2 in Appendix]). Here, the inverse system
. And we observe
Then we have
Then it is straightforward that ι is well defined and injective.
Lemma 5.1. We derive Proof. Let Q(x, y) = ax 2 + bxy + cy 2 and Q ′ (x, y) = a ′ x 2 + b ′ xy + c ′ y 2 be two elements of Q N (d K ). Since −I 2 , T is contained in ±Γ 1 (N ℓ ) for all ℓ ≥ 1, it is immediate that if Q ∼ T Q ′ , then Q ∼ N ∞ Q ′ .
Conversely, assume that Q ∼ N ∞ Q ′ . Then, for each ℓ ≥ 1, there is σ ℓ ∈ ±Γ 1 (N ℓ ) such that
Hence it follows from Proof. Observe that b and b ′ have the same parity by the discriminant condition
We then see that 
